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Today : Bértout's theorem for curves



B.e'2- out 's theorem for curves/¢
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Over IR :
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Question : What about other fields K ?



Grothendieck - Witt ring : k field <a > = axz

GWCKI is generated by <a> where a c-Hit ?
relations : 1) < as + < b > = catb> 1- < ablatb )> abcatbl -40

2) <a > < b > = cab> at -1-0

3) < a > + c- a > = < I > + c- I > = :b a =/ 0

hyperbolic
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Motivation : Tropical geometry
start with polynomials valuation :
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Tropical curves ← tropical polynomial
fix,y7= "Eci

,
;xiyᵗ "

= max { cijtixtjy } c-
'F' [ × , y ]

← tropical curve .

VH1 = Vtroplfl = { Cx ,y7elRʳ : maxis attained twice }

Example : tropical line Example : tropical conic
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-

t
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vertices of VCE ) Max cells of SD (f) • all inclusions

edges of VCH edges of SDCF) are inverted

connected components vertices of SD (f) • dual edges are
of 11221kt ) orthogonal to eachother



Bézouf for tropical curves
Let f. if , c- IT [×

, y ] .

C
,
:= ✓ ( fil

,
Cz : = V42 )

Let pe Gn Cz .

Then p corresponds to a Parallelograms
in the dual subdivision of GUG .

EI : dual subdivision
( Bézout for tropical curves/

p• Assume Alf, / = Ad
,
,
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Question : Can we do this in Gwchl ? GWCKI
"
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solution to F,ᵗ=Fzᵗ=ocooed ring

Fat = Ebj.in/5'yJ2tMJ''iila-usehz-#st-valC2-7=p
Problem : This depends on ai

, iz &bIjz

Def : enriched tropical curves /K ( Vico 's patchworking )
= tropical curves with elmts in Viegassigned to each comp

Examples : Line : conic :
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Combinatorial formula for m~ultplG.cat

Iet : We say that ve 7<2 is odd if v=( 1,17 in P

Inn ( Jaramillo Puentes - P
.
)

P=P"""%""ᵈ""""÷ᵈ°"ᵗ°"""tnultpl C, , G) = I < een ar > +
Area P - # odd vertices

-2
Of P

• fg
odd vertices ✗ coeff
of P of V

een ≥ {
+ ' 4 first

a C- Gwlhl

E×ampu,:""ᵗ"ˢt←°
dual Subdiv inutpcc , ,

G) = L- Ar >

G
p• •¥ < a. > + <- ar> = h

.

Cz =L I > +<- I >



Example 2 : muttp , ( G ,G ) =⇐ 9up
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Cc : ( Bézout of enriched tropical curves ?

d
, tdz It mod 2

Then I inutpcc , ,G) = ᵈ¥2 - h c- GWCK )
pean Cz

Prost : • tf d. tdz I 1 mod ? then there is n_

odd vertex on the boundary of Ad
,
+ dz

• Let v be a vertex in the interior of data
,

1) # Parallelograms cores to an intersection

with was a vertex is even

2) # { P : v is a vertex
,
Elul -_ + 1 }

= # { - a - - I }

< ar > + c- av > = h 1- classical tropical
Bézout = > Proof ☐



Generalizations & more results

• can define enriched tropical hypersurface
in any dimension

→ enriched tropical Bézout ( not just for curves )

⇒ new proof of Bézout 's theorem enriched in Gwar )

• Can count intersections in any tonic variety
~> enriched Bernstein - Kushnirenko

◦ Can also say something about the possible

counts in non - relatively orientable case .
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